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Abstract 

Forced convection heat transfer from a heated circular cylinder to incompressible water-based 
nanofluids in the steady cross-flow regime has been investigated numerically. The momentum and 
thermal energy differential equations have been solved by the standard finite volume method on the 
non-uniform Cartesian grid. 
      The main objective of this study is to investigate the influence of the nanoparticles’ volume 
fraction (0 % ≤ φ ≤ 10 %) on the heat transfer characteristics of water-based nanofluids over a wide 
range of base-fluid Reynolds number (1 ≤ Rebf ≤ 20). 
      Accurate numerical results are presented in the form of the local and mean Nusselt number and the 
heat transfer enhancement. The results indicate clearly that the heat transfer characteristics are affected 
by the base-fluid Reynolds number, volume fraction and the thermo-physical properties of 
nanoparticles. Although those nanofluids reduce the mean Nusselt number values, they enhance the 
heat transfer rate. 
(Received in November 2013, accepted in March 2014. This paper was with the authors 1 month for 1 revision.) 
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1. INTRODUCTION 
 
Due to the unique properties of nanoparticles and possibilities of their use in daily life, 
nanotechnology is experiencing an unprecedented growth in recent years [1]. In many 
industrial applications such as power generation, microelectronics, heating processes, cooling 
processes and chemical processes, water, mineral oil and ethylene glycol are used as heat 
transfer fluid. Effectiveness and high compactness of heat exchangers are obstructed by the 
lower heat transfer properties of these common fluids as compared to most solids. It is 
obvious that solid particles having thermal conductivities several hundred times higher than 
these conventional fluids must be used in the heat transfer applications. To improve thermal 
conductivity of a fluid, suspension of ultrafine solid particles in the fluid can be a creative 
idea. For that, nanosized particles dispersed in a base fluid, known as nanofluid, have been 
used and researched extensively to enhance the heat transfer. Many of the researchers have 
studied the heat transfer characteristics of nanofluids in the last decade experimentally as well 
as computationally. There have been concerns if the nanofluids can be studied as a single-
phase fluid or they have to be treated as a two-phase mixture [2]. Although they are more 
accurate in predicting heat transfer, two-phase models [3, 4] are computationally more 
expensive than the single-phase models due to the increased number of equations to be 
solved. Use of the single-phase model for nanofluids simplifies the application of 
computational fluid dynamics as only the material properties in governing equations need to 
be modified with appropriate correlations and this simplicity has attracted the attention of 
researchers for investigating the flow and heat transfer behaviour of various nanofluids. 

mailto:pternik@pt-rtd.eu
mailto:rebeka.rudolf@um.si


Ternik, Rudolf: Laminar Forced Convection Heat Transfer Characteristics from a Heated … 

313 

      Natural convection in nanofluids is one of the most extensively analyzed configurations 
because of its relevance in various engineering systems [5, 6]. To date, most of the authors 
(e.g. [7, 8]) claim that the presence of nanoparticles in a fluid alters the flow structure and 
increases the natural convection mean Nusselt number for any given characteristic (i.e. Ra or 
Gr) number. On the other hand, an apparently paradoxical behaviour of heat transfer 
deterioration was observed in experimental studies. For example, Putra et al. [9] reported that 
the presence of Al2O3 and CuO nanoparticles in a base-fluid reduce the Nusselt number for 
the natural convection inside a horizontal cylinder heated from one end and cooled from the 
other. However, they did not explain clearly why natural convective heat transfer is decreased 
with an increase in volume fraction of nanoparticles. This was later explained by the recent 
works of Ternik et al. [10] and Ternik and Rudolf [11]. By utilizing the appropriate 
expression for the mean Nusselt number they showed that the mean Nusselt number values 
obtained for the water-based nanofluids are smaller than those obtained in the case of the pure 
base-fluid at the same nominal values of the base-fluid Rayleigh number. Furthermore, the 
increasing trend of Nusselt number (as observed by most of the authors) was attributed to the 
use of the ratio of the nanofluid to the base-fluid thermal conductivity (knf / kbf) in a definition 
of the nanofluid Nusselt number. 
      On the other hand, as far as known to us, there is only limited number of studies on forced 
convection heat transfer from heated cylinders to nanofluids. Valipour and Zare Ghadi [12] 
performed numerical study on fluid flow and heat transfer in nanofluid around a circular 
cylinder. Their results showed that as the solid volume fraction increases, the magnitude of 
minimum velocity in the wake region and recirculation length increases but separation angle 
decreases. A study on unconfined nanofluid flow and heat transfer around a square cylinder 
has been performed by Etminan-Farooji et al. [13]. They focused more on the effects of Peclet 
number and types of nanofluids on heat transfer from the cylinder rather than fluid flow 
hydrodynamics. Sarkar et al. [14] studied vortex structure distributions and mixed convective 
heat transfer around a solid circular cylinder utilizing nanofluid for unsteady regime. Their 
result showed that the Strouhal number increases by increasing solid volume fraction. They 
also showed that increase in Strouhal numbers leads to reduction in vortex detachment. 
      The above review of the existing literature shows that the problem of forced convection 
heat transfer in nanofluids from unbounded heated circular cylinder at low Reynolds number 
is an issue still far from being completely solved. In addition to the academic interest, such a 
structure has also the tremendous engineering applications [15-19]. Framed in this general 
background, the purpose of the present study is to perform a comprehensive numerical study 
to investigate the laminar forced convection heat transfer around a heated circular cylinder 
using nanofluids. 
      The rest of the paper is organised as follows. The necessary mathematical background and 
numerical details are presented Section 2 and Section 3 which is followed by the grid 
refinement, numerical accuracy assessment and validation study (Section 4). Following this 
analysis, the results are presented and subsequently discussed (Section 5). The main findings 
are summarised and conclusions are drawn in the final section of this paper. 
 
2. NUMERICAL MODELLING 
 
The standard finite volume method is used to solve the coupled conservation equations of 
mass, momentum and energy. In the present framework, the second-order central differencing 
scheme is used for the diffusive terms and the second-order upwind scheme for the convective 
terms. The convergence criteria were set to 10–9 for all the relative (scaled) residuals. 
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2.1  Governing equations 
 
For the present study steady-state flow of an incompressible water based nanofluids is 
considered. It is assumed that the fluid phase and nanoparticles are in both, thermal and 
chemical equilibrium, and there is no slip between them. Except for the density the properties 
of nanoparticles and fluid are taken to be constant (Table I). 
 

Table I: Thermo-physical properties of water based nanofluids. 

 ρ [kg / m3]  cp [J / kgK]  k [W / mK]  ß [1 / K]  
Water 997,1 4179 0,613 42,1 10  
Au 19320 128,8 314,4 71,416 10  
Al2O3 3970 765 40 68,5 10  
Cu 8933 385 400 51,67 10  
TiO2 4250 686,2 8,9538 69,0 10  

 
      The governing equations (mass, momentum and energy conservation) for a steady, 
laminar and incompressible flow are: 

  0i

i

v
x





 (1) 

   
      

      
         

ji i
nf j nf nf

j j j i j i

vv v pv
x x x x x x

 (2) 

  p j nfnf
j j j

T Tc v k
x x x


   

  
    

 (3) 

      Relationships between properties of nanofluid (nf ) to those of base fluid (bf ) and pure 
solid (s) are given with the following empirical models [10, 11]: 
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2.2  Geometry and boundary conditions 
 
The problem of the slowly moving flow of nanofluids past a stationary circular cylinder of 
radius R placed symmetrically between parallel plates is schematically depicted in Fig. 1. The 
full length of computational domain is Lx = 61 R and the height is Ly = 30,5 R. 
      Only half of the domain is used for the present computations, with the symmetry 
boundary conditions (zero normal gradients for all variables and zero normal velocity 
components) imposed along the longitudinal mid-plane. For the slowly moving flow 
conditions (as investigated in the present study) it is our belief that this is a reasonable 
modelling assumption. 



Ternik, Rudolf: Laminar Forced Convection Heat Transfer Characteristics from a Heated … 

315 

 
 
 
 
 
 
 

Figure 1: Schematic representation of geometry. 
 
      Block-structured meshes were generated with a subdivision of the fluid flow domain into 
five blocks. Computational meshes used in the present study are non-uniform to allow local 
refinement, i.e. within particular block the computational cells were concentrated in the radial 
direction of the cylinder surface. In total, four computational meshes with constant grid 
refinement (along cylinder surface) were used in the present study. 
      At the outflow boundary, where the clear region of fully developed flow is re-established 
by considering the sufficient length of the downstream section, we impose the well known 
and almost universally used boundary conditions in the finite volume method [20], i. e. 
vanishing axial variation of the velocity components and temperature, and fixed value for the 
pressure. The latter (obtaining the pressure field inside the domain by specifying the reference 
value) is a common practice since the pressure field obtained by solving the pressure-
correction equation does not give absolute pressures [21]. 
      In the present study, the heat transfer characteristics are presented (and compared for the 
same value of the nanofluid Reynolds number) in terms of the local Nusselt number on the 
surface of circular cylinder: 
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      Such local values have been further averaged over the surface of a cylinder to obtain the 
surface averaged (or overall mean) Nusselt number as follows: 
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      In order to investigate the influence of solid particles volume fraction φ on the heat 
transfer characteristics, the Reynolds and Prandtl number of the nanofluids can be expressed 
as: 
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      Using eq. (6) we show (Fig. 2) that value of the nanofluid Prandtl number decreases as the 
volume fraction of nanoparticles in the base-fluid is increased. On the other hand, addition of 
solid nanoparticles to the base-fluid increases the nanofluid Reynolds number. It is interesting 
to notice that Au nanoparticles are characterized by the biggest decrease in Prnf values and 
biggest increase in Renf values. 
 
3. NUMERICAL METHOD 
 
The governing equations were solved by taking the advantage of the open-source OpenFOAM 
CFD software package which employs the standard finite volume method. It is written in C++ 
and uses classes and templates to manipulate and operate scalars, vectorial and tensorial fields 
[22]. The advantages of using OpenFOAMas a CFD framework are that the software is freely 
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available (with open source, licensed under GNU General License Software) and both flexible 
and highly extensible. Its hierarchical, open structure allows the user to make transparent 
modifications to the governing equations being solved, to tailor them to specific applications 
whilst retaining the benefits of a stable and general numerical framework. 
 

         
Figure 2: Variation of Reynolds number (left) and Prandtl number (right) with the volume 

fraction of nanoparticles. 
 
      Each governing equation is discretized in a space by integration over the set of control 
volumes forming the computational mesh. Such a process results in a system of linearized 
equations of mass, momentum and temperature conservation joined with the constitutive 
equation. In these equations all variables are evaluated (and stored) in the centre of control 
volumes populating the physical domain being considered. 
      The steady incompressible solver SimpleFoam (version 2.1.1) has been modified and used 
for the present study; governing equations were solved in a segregated manner, followed by 
the SIMPLE pressure–velocity correction loop [23]. For solving the linear systems of 
equations a preconditioned conjugate gradient schemes have been used for velocity, 
temperature and pressure. All, velocity, temperature, and pressure equations were solved to 
tolerances 10-8. 
      In spite of some compelling features of finite volume method (e.g. resulting solutions 
satisfies the conservation of quantities such as mass, momentum, etc.) there are some 
undesirable numerical effects (for example, artificial diffusion [20]) that are influenced by the 
low-order interpolation of the convection terms in governing equations. In order to overcome 
those undesirable numerical effects, the second-order accurate linear upwind differencing 
scheme [24] was used in the present study. 
 
4. GRID REFINEMENT, NUMERICAL ACCURACY AND VALIDATION 
 
The aim of most (if not all) numerical analysis is to achieve a certain accuracy with the 
smallest amount of a computational work. The difficulty to accomplish this usually lies in the 
unknown behaviour of the flow under numerical investigation. The influence of 
computational grid refinement on numerical results was examined throughout the examination 
of spatial (grid) convergence. For this the nanofluid fluid flow (Rebf = 20, φ = 0 %) was 
studied using four computational meshes. 
      With each grid refinement the number of control volumes in particular direction is 
doubled and minimum element size is halved. Such a procedure is useful and encountered in 
many numerical studies [25-28] for applying the Richardson’s extrapolation technique which 
is a method for obtaining a higher-order estimate of the flow value (value at infinite grid) 
from a series of lower-order discrete values. 
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      For a general primitive variable   the grid-converged (i.e. extrapolated to the zero 
element size) value according to Richardson extrapolation is given as: 
    1p

MIII MII MIIext I r        (7) 
where MIII  is obtained on the finest grid and MII  is the solution based on next level of coarse 
grid, r = 2 is ratio between the coarse to fine grid spacing and p = 2 is the order of 
convergence. 
 

Table II: Effect of mesh refinement on the mean Nusselt number for water-Au nanofluid 
(Rebf = 20, φ = 0 %). 

 MI  MII  MIII  MIV  extNu  Error  
Num. el. 6000 24000 96000 384000 / / 

Nu  5,141 5,114 5,106 5,103 5,102 0,07 % 
 
      The variation of the mean Nusselt number Nu  with the grid refinement is provided in 
tabulated form in Table II. The “percent” numerical error for the mean Nusselt number: 

   100%MIII ext extError Nu Nu Nu    (8) 

as given in Table II is a quantification of the relative difference between the numerical 
predictions of Nu  on MIII  and the extrapolated value extNu  obtained from Richardson’s 
extrapolation technique. It can be seen that the differences with grid refinement are 
exceedingly small and the agreement between mesh MIII and extrapolated value is extremely 
good; the discretisation error for Nu  is less than 0,1 %. 
      In addition to the aforementioned grid-dependency study, the present simulation results 
have also been compared against the available results of other authors [29, 30] for the forced 
convection in Newtonian fluid from heated circular cylinder. The comparisons between the 
present numerical results (obtained with mesh MIII ) with the benchmark values (summarised 
in Table III) are extremely good and entirely consistent with our grid-dependency studies. 
 

Table III: Comparison of the present results with the benchmark values (Pr = 1). 

 Re = 5 Re = 10 Re = 20 
 Nu  Nu  Nu  
Present study 1,578 2,073 2,748 
Bharti et al. [28] 1,586 2,087 2,772 
Soares et al. [29] 1,590 2,058 2,696 

 
      All these results and comparison with existing numerical data from the literature gave 
sufficient confidence in the present numerical procedure allowing us to proceed with 
simulations over the whole range of Rebf and φ. Accounting for numerical accuracy and 
number of elements mesh MIII  was found to be a fair compromise and all results presented 
in continuation were obtained with this mesh. 
 
5. RESULTS AND DISCUSSION 
 
The dependence of the local Nusselt number Nu(Θ) on the surface of the cylinder and of the 
average Nusselt number Nu  on the nanoparticles’ volume fraction and type of nanoparticles 
is presented and discussed in the ensuing sections. 
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5.1  Variation of local Nusselt number on the surface of the cylinder 
 
Figs. 3 and 4 show the representative variation of the local Nusselt number Nu(Θ) on the 
surface of the cylinder with the nanoparticles’ volume fraction φ for all nanofluids studied. 
While these figures show qualitatively similar behaviour of the local Nusselt number over the 
surface of the cylinder, a complex interplay between the volume fraction and base-fluid 
Reynolds number is observed in quantitative terms. 
 

         
Figure 3: Variation of the local Nusselt number over the surface of the cylinder at Rebf = 10 

for φ = 5 % (left) and φ = 10 % (right). 
 

         
Figure 4: Variation of the local Nusselt number over the surface of the cylinder at Rebf = 20 

for φ = 5 % (left) and φ = 10 % (right). 
 
      Value of the local Nusselt number increases with an increase in the base-fluid Reynolds 
number, but on the other hand it decreases with an increase in the nanoparticles’ volume 
fraction. The latter is a reflection of the fact that addition of nanoparticles to the base-fluid 
decreases the nanofluid Prandtl number and increases the thermal diffusivity, which causes 
the reduction in the temperature gradients and, accordingly, increases the thermal boundary 
thickness. Finally, this increase in the thermal boundary layer thickness reduces the local 
Nusselt number values. 
      For lower values of the base-fluid Reynolds number, the local Nusselt number decreases 
from the front of the cylinder all the way up to the rear of the cylinder, because there is no 
flow separation (Fig. 3). As the base-fluid Reynolds number increases, the increase in the 
local Nusselt number can be observed in the vicinity of the rear stagnation point (Fig. 4) due 
to the occurrence of recirculating region (flow separation). 
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5.2  Mean Nusselt number 
 
Fig. 5 presents the variation of the mean Nusselt number along the heated wall of circular 
cylinder. As expected, the mean Nusselt number increases as the base-fluid Reynolds number 
increases for a given value of the nanoparticles’ volume fraction. 
      On the other hand (and as for the natural convection of nanofluids [10, 11, 25, 27]), one 
can observe that adding nanoparticles to the base-fluid results in a decrease of the mean 
Nusselt number values for a given value of the base-fluid Reynolds number. This is due to the 
fact that addition of nanoparticles to the base-fluid decreases the nanofluid Prandtl number (as 
shown in Fig. 2 right) and entirely consistent with the earlier findings in the context of the 
forced convection of generalized Newtonian fluids from a heated cylinder [29]. 
 

 

Figure 5: Variation of the mean Nusselt number Nu  with volume fraction φ and base-fluid 
Reynolds number Rebf for water-based Al2O3 nanofluid. 

 
      The variation of the mean Nusselt number Nu  with the base-fluid Reynolds number Rebf 
for all water-based nanofluids considered in the present study is shown in Fig. 6 which 
indicates that Nu  increases monotonically with an increasing Rebf. Considering the type of 
nanoparticles, Au and Cu water-based nanofluid is characterized with the highest values of 
the mean Nusselt number. 
 

         

Figure 6: Variation of the mean Nusselt number Nu  with the base-fluid Reynolds number 
Rebf for water-based nanofluids at φ = 2,5 % (left) and φ = 10 % (right). 

 
5.3  Heat transfer rate enhancement 
 
The relative enhancement of the heat transfer rate E [11, 26]: 



Ternik, Rudolf: Laminar Forced Convection Heat Transfer Characteristics from a Heated … 

320 

 100% 1 100%nfnf bf nf

bfbf bf

Q Q k NuE
Q k Nu

 
     

  

 (9) 

of the studied water-based nanofluids is plotted in Fig. 7 for two values of the nanoparticles’ 
volume fraction. Considering the base-fluid Reynolds number, the Fig. 7 illustrates that 
enhancement of the heat transfer rate increases with increasing Rebf for Au and Cu water-
based nanofluids, while for Al2O3 and TiO2 one can observe a slight decrease in E as Rebf 
increases. Furthermore, Fig. 7 presents that the heat transfer enhancement increases with an 
increase in nanoparticles’ volume fraction. 
 

         
Figure 7: Enhancement of the heat transfer rate for water-based nanofluids at φ = 2,5 % (left) 

and φ = 10 % (right). 
 
      Last but not least, water-based Au and Cu nanofluid is characterized with the highest heat 
transfer rate enhancement. However, in spite of lower mean Nusselt number values, Al2O3 
water-based nanofluid yields greater heat transfer rate enhancement than TiO2 water-based 
nanofluid, due to the higher ratio of the nanofluid to the base fluid thermal conductivity  
knf / kbf. 
 
6. CONCLUSIONS 
 
In the present study, steady and laminar forced convection of water-based nanofluids from an 
unconfined circular cylinder has been investigated by numerical means. Governing equations 
have been solved by the standard finite volume method on the non-uniform Cartesian grid for 
the range of the base-fluid Reynolds number (1 ≤ Rebf ≤ 20) and volume fraction of 
nanoparticles (0 % ≤ φ ≤ 10 %). 
      The influence of computational grid refinement on the present numerical predictions was 
studied throughout the examination of grid convergence for water-based Au nanofluid at  
Rebf = 20 and φ = 0 %. By utilizing extremely fine meshes the resulting discretisation error for 
the mean Nusselt number is reduced below 0,1 %. 
      Numerical method was validated for the case of the forced convection in Newtonian fluid 
from heated circular cylinder, for which the results are available in an open literature. 
Remarkable agreement of present results with the benchmark results yields sufficient 
confidence in present numerical procedure and results. 
      Highly accurate numerical results revealed some important points such as: 
 Addition of nanoparticles to the base-fluid decreases the nanofluid Prandtl number values 

and increases the thermal diffusivity. 
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 Increase in thermal diffusivity causes the reduction in the temperature gradients and, 
accordingly, increases the thermal boundary thickness. Finally, this increase in the thermal 
boundary layer thickness reduces the local as well as the mean Nusselt number values. 

 The mean Nusselt number Nu  monotonically increases with increasing base-fluid 
Reynolds number Rebf but the mean Nusselt number values obtained for the higher values 
of the nanoparticles’ volume fraction are smaller than those obtained in the case of the 
pure base-fluid at the same nominal values of the base fluid Reynolds number. 

 Enhancement of the heat transfer rate E increases with increasing solid volume fraction φ. 
 Nanoparticles having the higher ratio knf / kbf  yield greater enhancement of heat transfer 

rate. 
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